Abstract: Within the context of Finite-Time Thermodynamics (FTT) a simplified thermal power plant model (the so-called Novikov engine) is analyzed under economical criteria by means of the concepts of profit function and the costs involved in the performance of the power plant. In this study, two different heat transfer laws are used, the so called Newton's law of cooling and the Dulong-Petit's law of cooling. Two FTT optimization criteria for the performance analysis are used: the maximum power regime (MP) and the so-called ecological criterion. This last criterion leads the engine model towards a mode of performance that appreciably diminishes the engine's wasted energy. In this work, it is shown that the energy-unit price produced under maximum power conditions is cheaper than that produced under maximum ecological (ME) conditions. This was accomplished by using a typical definition of profits function stemming from economics. The MP-regime produces considerably more wasted energy toward the environment, thus the MP energy-unit price is subsidized by nature. Due to this fact, an ecological tax is proposed, which could be a certain function of the price difference between the MP and ME modes of power production.
Introduction
In a recent paper, Fischer and Hoffmann [1] showed that a simple endoreversible model (the so called Novikov engine) can reproduce the complex engine behavior of a quantitative dynamical simulation of an Otto engine including, but not limited to, effects from losses due to heat conduction, exhaust losses and frictional losses. Also Curto-Risso et al. [2] have published a FTT-model for an irreversible Otto cycle suitable to reproduce performance results of a real spark ignition heat engine. In these articles the spirit of Finite-Time Thermodynamics (FTT) is illustrated emphasizing the virtues and limitations of FTT methodology. However, the usefulness of FTT models is shown beyond any doubt. In fact, we can assert that the FTT spirit is concomitant with the spirit of a Carnotian thermodynamics in the sense of the search of certain kind of limits for thermodynamic variables and functionals. Within the context of Finite-Time Thermodynamics different economic analysis for thermodynamic cycles have been done. Salamon and Nitzan [3] viewed the operation of the endoreversible heat engine as a production process with work as its output. They carried out the economic optimization of the heat engine with the maximum profit rate as the objective function. The profit rate of the cycle was defined as
where ψ 1 and ψ 2 are the prices of exergy output rate and the exergy input rate, and A out and A input are the exergy output rate and the exergy input rate. This FTT economic analysis was termed as finite time exergoeconomic analysis [4] [5] [6] [7] [8] to distinguish it from the endoreversible analysis with pure thermodynamic objectives and the exergoeconomic analysis with long-run economic optimization. The effect of heat transfer laws were also investigated [9] [10] [11] . Another FTT economic analysis was proposed by De Vos [12] . In his 1995 paper, De Vos [12] made a thermoeconomic analysis of a model of power plant of the Novikov type [13] such as the one depicted in Figure 1 . De Vos analyzed this endoreversible power plant with respect to economical exploitation, and he took the optimal exploitation point lying somewhere between the maximum-power point, that is, Curzon-Ahlborn (CA) efficiency and the maximum-efficiency point (Carnot efficiency), with an optimum efficiency η opt such that,
where the subscripts M P and C mean maximum power and Carnot respectively. De Vos [12] found for the Novikov's model that η opt is given by Comparison between optimum efficiencies for both maximum power and maximum ecological regimes (the former E function and the modified ME) for τ = 1/2. where f is the fractional fuel cost, which is defined as the ratio of the cost of the fuel consumption and the running costs of the power plant; τ =
with T 1 and T 2 the temperatures of the hot and cold thermal reservoirs respectively (see Figure 1) , the superscript N means Newtonian. Figure 2 shows how the De Vos optimal efficiency (Equation (3)) smoothly increases from the MP-efficiency, f = 0, corresponding to energy sources where the investment is the preponderant cost towards the Carnot value for f = 1, that is, for energy sources where the fuel is the predominant cost [12] . Equation (3) gives the optimal efficiency for a Novikov power plant working at maximum profit in terms of the fractional fuel cost f when the heat fluxes in Figure 1 are given by a linear Newtonian heat transfer law. Recently, Barranco-Jiménez and Angulo-Brown [14] also studied a Novikov engine following the thermoeconomical approach used by De Vos, but by means of the so-called modified ecological optimization criterion [15, 16] . The ecological criterion combines the power output (high power output) and the entropy generation rate of the power plant (low entropy production), in terms of the maximization of the following expression [15] ,
where W is the plant's power output, T 2 is the absolute temperature of the cold reservoir and σ is the total entropy production of the endoreversible power plant model. The so-called modified ecological optimization [16] consists in the maximization of the modified ecological function E M given by
where ϵ is a parameter depending on the heat transfer law [16] . The properties of E and E M have been discussed in several papers [17] [18] [19] . This criterion also leads to an efficiency η M E opt = η N me between η M P and η C and drastically reduces the entropy production of the engine [14] . These authors found that the optimal efficiency under the modified ecological regime, with a Newtonian heat transfer law is given by [14] . However, this loss of profits is concomitant with a better efficiency for a given f , and with an important reduction of wasted energy (≈ 55%) to the environment compared with the MP-operation of the plant [14, 21] . On the other hand, if the heat transfer law used in the Novikov's model is of the nonlinear Dulong-Petit (DP) type, the economical optimal efficiencies for the MP and modified ME regimes are respectively [14, 21] 
These expressions have the same qualitative behavior as Equations (3) and (6) for the case of a Newtonian heat transfer law, that is, they smoothly vary from the point for f = 0 to the Carnot point for f = 1 [14, 16] . Equation (8) also leads to a reduction of the profits q compared with the MP-regime (Equation (7)), but improving the efficiency and reducing the wasted energy. In a similar way to De Vos [12], Sahin and Kodal (SK) made a thermoeconomic analysis of a Curzon-Ahlborn engine [22] . They maximized a profit function defined by
where C i and C f are the annual investment and fuel consumption costs, respectively. Sahin and Kodal assumed that the plant's size can be taken proportional to the total heat transfer area, instead of the maximum heat input previously considered by De Vos [12] . Thus, the yearly investment cost of the system can be given as
where A H and A L are the heat transfer areas of the heat exchangers in both the hot and the cold reservoirs and the proportionality coefficient for the investment cost γ i is equal to the capital recovery factor times investment cost per unit heat transfer area. The annual fuel consumption cost is proportional to the heat rate input, that is
where the coefficient γ f is equal to the annual operation hours times the price per unit heat input. SK also showed that the variation of the optimal thermal efficiency with respect to the fuel cost parameter f = γ i γ i +γ f in the interval 0 < f < 1 under maximum power conditions satisfies the following inequality η M P < η opt < η C , that is the Carnot (η C ) an the maximum power (η M P ) efficiencies are the superior and inferior bounds of the optimum thermal efficiencies. The Sahin and Kodal economic criterion was applied to study the performance of endoreversible heat engine [22] , refrigerator and heat pump [23] , combined cycle refrigerator [24] , combined cycle heat pump [25] , as well as irreversible heat engine [26] , irreversible refrigerator and heat pump [27] , combined cycle refrigerator [28] , combined cycle heat pump [29] and three-heat-reservoir absorption refrigerator and heat pump [30] . This method was also applied to the optimization of an endoreversible four-heat-reservoir absorption-refrigerator [31] .
In the present paper, the mentioned properties of the ecological optimization are taken to propose a criterion for justifying ecological taxes. The paper is organized as follows: In Sections 2 and 3, we present a thermo-economical analysis in terms of a profit function defined as the difference between the money earnings and the costs of the performance in the power plant, that is, with an economical profit different to that used by De Vos [12] . In Section 4, an ecological tax is proposed which depends on the difference between the ratio of prices of both the energy input and energy output under both the maximum power and maximum ecological regimes. Finally, in Section 5 the conclusions are presented.
Optimization of the Profit Function: Newtonian Heat Transfer Law Case
In the previous section a thermoeconomical point of view to analyze the optimum performance of an endoreversible power plant model (the Novikov model) was mentioned. In this section an economical approach based on a well known definition of the profit function more in the spirit of the economical disciplines is adopted [32, 33] .
In an economic sense the profit is understood as the difference between the money influx minus the money outflux of the plant's operation. Therefore, the benefit function Π is now given by the money earnings function I minus the money cost function C involved by the plant's performance. If a perfect competition in the energy market is assumed, then the price of the energy unit (p) is given by the energy market [32, 33] . Therefore, the revenue is obtained by the product of the price per watt of the power output by the total quantity of watts associated to the power plant output, that is, I = pW . Thus, the function Π is given by [32, 33] ,
where C are the running costs of the plant operation, which are taken as in the De Vos approach [12], that is, they consist of two parts: (a) the cost of the investment, which is assumed proportional to the size of the plant, and (b) the cost of the fuel consumption, which is assumed as proportional to the quantity of heat Q 1 (see Figure 1 ). De Vos assumed that Q max is an appropriate measure for the plant size, then, the total costs can be expressed as:
where the proportionality constants a and b have units of $/Joule and Q max = g(T 1 − T 2 ) is the maximum heat that can be extracted from the heat reservoir without supplying work (see Figure 1 ), being g a thermal conductance [12] . Applying the first and the second laws of thermodynamics to the model of Figure 1 and considering that Q 1 is given by a linear Newton heat transfer law, the function Π for a MP-regime is given by [34] ,
where
is the efficiency of the Novikov engine. The modified ecological optimization [16] consists in the maximization of the so-called modified ecological function E M given by E M = W − ϵT 2 σ, with σ the universe entropy production and ϵ a parameter depending on the heat transfer law used in the model [16] . For the modified ecological regime, the profit function becomes [21, 34] 
In Equations (14) and (15), the expressions for the power output W , the modified ecological function E M and the function of the total costs C, corresponding to the endoreversible engine model presented in Figure 1 have been used. Equations (14) and (15), for the economic profit functions express how the maximum profit increases as the Watt's price increases in the energy market (see Figures 3a and 4a) while at the same time the functions Π diminishes with an increasing b, which is associated to the fuel price (see Figures 3b  and 4b) . Besides, the maximum of Π is moved towards the Carnot's point (maximum efficiency) as the fuel costs augment such as it is shown in Figures 3b and 4b . Figure 4a also shows the profit loss when the system's entropy production is considered through the definition of the modified ecological function. However, this profit loss represents a gain for the environment due to entropy production reductions associated to the ecological way of operation. From Equation (14), if 
from this expression,
is obtained, that is, a relationship between an optimal performance regime (the maximum power regime in this case), and the ratio of parameters linked to the prices of both the energy input and the energy output. On the other hand, Equation (3) gives the optimum efficiency of a Novikov model under maximum power conditions. By the substitution of Equation (3) into Equation (17), a relationship between the ratio 
In Figure 5 , it can be seen how the ratio is found, and by using Equation (6) the following relationship for the maximum modified ecological regime is obtained, . that is, a relationship between the parameters linked to the prices of both the energy output and energy input in terms of the fractional fuel cost. Analogously to Equation (18), the ratio ) N me < 1 is also hold, which means that under the optimum ME conditions, the price of power output is also bigger than the parameter linked to the price of the energy input. It has been recognized in the literature [35] [36] [37] that a more realistic description of the heat exchange between the working substance and its reservoirs would include a T 4 term (Stefan-Boltzmann radiation). An attempt to describe combined conductive-convective and radiative cooling by a power-law relationship is given by the so-called Dulong-Petit law of cooling [35] [36] [37] , which is
where dQ/dt is the rate of heat loss per unit area from a body at temperature T , α is a thermal conductance, T a is the temperature of the fluid surrounding the body, and n is an exponent with value between 1.1 and 1.6 [37] . Some authors have established that n = 5/4 based on studies made by Lorentz and Langmuir. As O'Sullivan [37] asserts in the original 1879 paper, Stefan took the results of Dulong and Petit (DP), along with experiments by Tyndall and pointed out that the DP model was in agreement with his T 4 law [37] . In the present section the DP law of cooling with n=5/4 is used. If in the Novikov model depicted in Figure 1 , the irreversible heat fluxes are taken as given by a Dulong-Petit heat transfer law of the form [35] [36] [37] 
for the profits function Π under MP-conditions [38] ,
is obtained. This expression has the same behavior that Equations (14) and (15), that is, Π increases when the Watt price augments (see Figure 6a) . On the other hand, Π diminishes with the increments of parameter b associated to the fuel consumption cost, as it can be seen in Figure 6b . If the Novikov plant with a DP heat transfer law operates under the maximum ecological function criterion, the profit function Π becomes [21, 38] ,
This function has the same qualitative behavior than Equation (21) , as it can be seen in Figure 7a ,b. Following the same procedure used in Section 2, by maximization of Equations (21) and (22) The ratio of price parameters of both the energy input and the energy output can also be obtained in terms of the optimal efficiencies, and by the appropriate substitution of the efficiencies given by Equations (7) and (8) for the MP and ME regimes, these ratios can be calculated in terms of the fractional fuel cost. In (18) and (19) , that is, they augment as f augments. For 0 < f < 1, it can also be observed in Figure 8 that the following inequality 0 <
) DP mp < 1 also holds, which means that under optimum conditions, the price of power output is also bigger than the parameter price of the energy input. However, in this case, the heat transfer law used in the Novikov model is of the Dulong-Petit type. 
Proposal of an Ecological Lax
In the previous section the ratios of both price parameters of the energy input and the energy output were calculated in terms of the fractional fuel cost under both the maximum power and the maximum ecological regimes by means of a simplified model of the power plant (Novikov engine model). If in the Novikov model a Newtonian heat transfer law is considered, from Equations (18) and (19) the following quotient is obtained: (23) In Figure 9 the plot of ρ versus the fractional fuel cost for several values of τ is shown. It is observed that ρ is a decreasing function of f . For instance, for the case τ = 1/2, when f = 0, ρ ≈ 1.08 and when f → 1, then ρ → 1; that is, only in the limit where the relative cost is predominant, the price parameters of both cases are approximately the same, and the plant must work in the Carnot regime, (the maximum efficiency regime). For 0 < f < 1, in Figure 9 it can be seen that for all practical values of τ (τ ∈ [0.3, 0.7]) [39] , the following inequality holds:
In particular, when constant b (which has to do with the price of fuel consumption) is the same for both criteria, we get p The previous expression means that the Watt price under ME conditions is bigger than the corresponding price under MP conditions. Analogously, when in the De Vos model a DP heat transfer law is considered, the inequality [21] (27) which means again that the Watt price under ME conditions is also bigger than the price under MP conditions, but now considering a DP heat transfer law in the Novikov model. From Equations (25) and (27) it can be seen that the ecological price of a power unit is more expensive than the corresponding maximum power price. Thus, for the MP-regime, it can be concluded that the environment is subsidizing the MP-price of power unit. Thus, a possible ecological tax must be an increasing non-linear function of the following quantity
That is, a power plant operating under maximum power conditions must pay a larger ecological tax that one performing under ME conditions. If in Equation (28) , Equations (18) and (19) are substituted, Λ in terms of f is obtained. In Figure 10 Figure  10 . Finally, the power plants based in renewable sources of energy have f 's in the vicinity of zero and τ > 0. 6 [40] falling in region C of Figure 10 . As particular cases, the following actual power plants data [39] corresponding to the dashed curves in Figure 10 Figure  10 , it can be seen that plants of type A must have bigger ecological taxes than plants of the type B and these must be charged with larger taxes than plants of type C. 
Conclusions
In this work, by means of a simplified model of power plant (Novikov engine), it can be seen that the Watt price produced under MP conditions is cheaper than that produced under ME conditions. In this study, several fuel fractional costs were considered, since that corresponds to energy sources where the investment is the preponderant cost (f ≈ 0) until the fuel is the predominant cost (f = 1). However, for actual power plants, only the interval f ∈ [0, 0.5] was considered. This was accomplished by using a typical definition of profit function stemming from economics. The MP-regime produces considerably more wasted energy toward the environment, thus the MP Watt price is subsidized by nature. Due to this fact an ecological tax is proposed, which could be a certain non-linear function of the price parameters difference between the MP and ME modes of power production. In Figure 10 , it can be observed how one can identify at least three regions (A, B, C) corresponding to power plants based on several kinds of fuels. The present thermoeconomic analysis gives an approximated qualitative criterion to justify ecological taxes of power plants depending on their fuels expressed through the parameter f .
